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The solution of several problems requires establishing the equilibrium spatial distribution of the charged 

particles in an ionized-gas cloud having fixed shape and given dimensions. 

In the present study we find the Lyapunov-stable equilibrium spatial distribution of the charged particles 
in an ionized-gas cloud enclosed in a region of space with fixed form and given dimensions. An expression 

is obtained for the limiting energy stored by the ionized gas for given degree of ionization of neutral gas, 
and expressions are found for the pressure and chemical potential of the ionized gas in the cloud. We use 

the general method for the solution of a particular type of extremal problem presented in [i, 2], which 
reduces the optimization problem to the solution of the corresponding inverse problem of potential theory. 

i. Let the ionized-gas cloud have the form F, corresponding to an ellipsoid of revolution. We take one of the 

ellipsoid axes as the axis of revolution. We consider only the case of Lyapunov-stable equilibrium accumulation of 

charged particles confined in the elliptical region F, and we neglect the proper rotation of the cloud as a whole about 
one of the axes of the ellipsoid F. Since an elliptical region of space belongs to the class of convex regions, its 

boundary satisfied the well-known Poincar6 condition [3], i.e., we can consider each point of the boundary of the 
region F as the apex of a cone which is located entirely inside the given three-dimensional region F. 

Now let us find the Lyapunov-stable equilibrium charged-particle distribution in the ionized-gas cloud having 
elliptical form and given dimensions. To do this we introduce the charged particle distribution in the ionized-cloud, 
denoting this distribution by p. We seek the distribution p in the form 

d~ - x (Q) ~ Q .  (1.1) 

Here dVQ is a three-dimensional volume element; )~(Q) is the charged-particle distribution density in the ionized 
gas; Q is a point belonging to the elliptic spatial region F filled with the ionized gas. 

H e r e a f t e r  we u s e  Q ~ F to d e n o t e  t h a t  t he  p o i n t  Q b e l o n g s  to the  r e g i o n  F .  

We say that the charge distribution # is concentrated in the fixed spatial region F, if there are no ionized gas 
particles outside the region F. This circumstance is denoted by the symbol ~z -< F 

Let ~(r) be the potential function corresponding to the interaction energy of a pair of unit charges located at the 
distance r from one another. It was shown in [I] that the equilibrium theorem is valid for a broad class of potential 
f u n c t i o n s  ~ ( r ) .  

A detailed analysis of the potential functions for which the equilibrium theorem is valid was made in [i, 2]. 

For the sake of simplicity, in the present study we take as the potential function that corresponding to the 
"smoothed" Coulomb interaction 

r (r) = r -1 (t - -  e-x'), (1.2) 

which accounts approximately for the short-range forces [4-6]. Our analysis is presented basically for the case in 
which the short-range interaction parameter ~.-~ is not small and is comparable with the average distance between the 
ionized gas particles in the cloud. 

Since r taken in the form (1.2) is a convex function, the equilibrium theorem from [I] is valid for it. 

We use IP -QI to denote the distance between the points P andQ. Let P~ F, Q ~ F andg-gF; then the 
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functional  

I (~) = l I (~([ P - Q  I)z(P)x(Q)dv flVQ (1.3) 
F F  

(he re  the in t eg ra t ion  is p e r f o r m e d  ove r  the en t i r e  e l l ip t i c  reg ion  F f i l l ed  with the ionized gas) def ines  the potent ia l  
ene rgy  of the  en t i r e  ionized gas cloud having f ixed fo rm F and given d imens ions  for  the cha rged  p a r t i c l e  d i s t r ibu t ion  
# r e p r e s e n t e d  in the fo rm (1.1) and fo r  the  s e l e c t e d  potent ia l  function (p(r). 

The s y s t e m  of in t e rac t ing  p a r t i c l e s  tends [7] to take  a conf igura t ion  which m i n i m i z e s  i ts potent ia l  energy .  The 
s t a t e  of dynamic  equ i l ib r ium of the p a r t i c l e  e n s e m b l e  for  which the potent ia l  ene rgy  I(p) of the en t i r e  ensemble  takes  
the m in imum value c o r r e s p o n d s  to Lyapunov-s t ab le  equ i l ib r ium of the given ensemble  [8]. 

Let  W(F) be the min imum value of the potent ia l  ene rgy  of the i on i zed -gas  cloud of e l l ip t ic  fo rm and given 
d imens ions .  In a c c o r d a n c e  with [1] 

W(F) = inf I (~) ,  (1.4) 

where  the g r e a t e s t  lower  bound is taken over  a l l  p o s s i b l e  c h a r g e d - p a r t i c l e  d i s t r i bu t ions  # in the ion ized -gas  cloud F. 

Fo l lowing  [1], we in t roduce  the q~-capacitance of the spa t i a l  r eg ion  F. 

By the (p-capaci tance  of the reg ion  F we mean  [1] the number  C(F; (p) > 0, which for  a f ini te  value of the potent ia l  
ene rgy  W(F) is  found f rom the equat ion 

W ( F )  = gcp[c(F; ~)], (1.5) 

where  K is a coef f ic ient  of p ropo r t i ona l i t y .  In our c a s e  the (p-capaci tance  C(F;  (p) c o r r e s p o n d s  to the e l e c t r i c a l  
capac i t ance  of the  i o n i z e d - g a s  c loud of e l l i p t i ca l  f o rm  F.  If W(F) = +oo, then the (p-capaci tance  of the reg ion  F is 
a s s u m e d  to be ze ro .  This c o r r e s p o n d s  to the c a s e  in which, for  example ,  the en t i r e  ionized gas is concen t ra t ed  at  a 
s ing le  point.  

The e l l i p t i ca l  r eg ion  F with f ini te  d imens ions  has pos i t ive  (p-capaci tance;  t he re fo re ,  as  a r e s u l t  of [1] for the 
given reg ion  F t h e r e  ex i s t s  a unique equ i l i b r i um s pa t i a l  c h a r g e d - p a r t i c l e  d i s t r ibu t ion  #*, dp* = ~*(Q) dvQ in the 
ionized gas  c loud,  which r e a l i z e s  a m i n i m u m  of the potent ia l  ene rgy  I(/~), r e p r e s e n t e d  by the functional  (1.3). 

We t e r m  this  cha rged  p a r t i c l e  d i s t r i bu t ion  in the i on i zed -gas  cloud the Lyapunov-s t ab le  equ i l ib r ium spa t i a l  
d i s t r i bu t ion  of the ionized gas  in a c loud with f ixed  fo rm F and given d imens ions .  

We note that  the ionized gas in the Lyapunov- s t ab l e  equ i l ib r ium s ta te  in a f ini te  space  r eg ion  F is in r e a l i t y  
c oncen t r a t ed  in the region  F # . ,  t e r m e d  the suppor t  of the d i s t r ibu t ion  #*. 

In gene ra l ,  the suppor t  of the d i s t r i bu t ion /z  is that  r eg ion  F# of the given reg ion  F for which each point  P has the 
fol lowing p r o p e r t y :  no m a t t e r  what the v ic in i ty  O(P) of the point P the r e q u i r e m e n t  that  #[O(P)] ~ 0 is  met .  We note 
tha t  the reg ion  F~ !s found by m i n i m i z a t i o n  of the funct ional  I(#). 

2. To find the Lyapunov- s t ab l e  equ i l ib r ium c h a r g e d - p a r t i c l e  d is t r ibut ion/z*  in an ion ized -gas  cloud,  which 
m i n i m i z e s  the function I(#), we in t roduce  the (p-potent ia l  u(P),  gene ra t ed  by  the d i s t r i bu t ion  p. In a c c o r d a n c e  with [1] 
the (p-potent ia l  u(P),  gene ra t ed  by the d i s t r i bu t ion  r e p r e s e n t e d  in the fo rm (1.1), is defined by an in teg ra l  of the 

fol lowing form:  

u(P)= f q~(lP--Ql)z(Q)dVQ (2.1) 
F 

If the (p-potent ia l  u(P) is gene ra t ed  by a Lyapunov- s t ab l e  d i s t r i bu t ion  #*, i t  is t e r m e d  the equ i l ib r ium (p-potential  

and is denoted by u*(P) ( see  [1]). 

Since the potent ia l  function q~(r), r e p r e s e n t e d  in the fo rm (1.2), s a t i s f i e s  the equ i l ib r ium t h e o r e m  f rom [1], for  
the e l l ip t ic  r eg ion  F of pos i t ive  (p-capac i tance  the equ i l ib r ium c h a r g e d - p a r t i c l e  d i s t r i bu t ion  g* gene ra t e s  the 
equ i l ib r  ium (p-potent ial  u*(P) having the fol lowing p r o p e r t i e s :  
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1) the potential  u* (P) = W (F) K -i/2 for all  points P ~ F, 

2) the potential  u*(P) -< W (F) K -1/2 for al l  P located outside the region  F (P ~ F). 

Thus, for an el l ipt ic region fi l led by an ionized gas cloud whose boundary sa t i s f ies  the Po incar6  condition, at aI1 
points P ~_ F and p* ~ F we have u*(P) -- W (F) K -1/2. Hence follows 

W(F) K-% = f w( IP - -  Q Dff(Q)dVQ" (2.2) 
F 

We introduce the aux i l i a ry  function V(P), defining it as follows: 

v ( p )  = (p  ~ F )  

Then we obtain the following in tegra l  equation of the f i r s t  kind for f inding the cha rged-pa r t i c l e  d is t r ibut ion  
densi ty  X(Q) in an ionized gas in the p re sen t  case:  

V (P)K-'/ '= iq~(lp--Q[)z(q)dVQ (2.3) 
F 

It can be shown that the d i s t r ibu t ion  ~ sa t is fying an equation of the (2.3) type min imizes  functional  (1.3). 

3. To solve the in tegra l  equation (2.3) we use the genera l  method for f inding the Lyapunov-s table  equ i l ib r ium 
d is t r ibu t ion  #* for the selected potential  function r  and the fixed region F with given d imens ions ,  based on the 
resu l t s  of [1, 2]. We apply the F o u r i e r  t r a n s f o r m  to (2.3) and obtain the following opera tor  equation: 

v ~ CO) A'-'/~ = (2.~):':~ ,p~ (/9 7/(P). (3.1) 

Here and he rea f t e r  the supe r sc r i p t  0 denotes F o u r i e r  t r a n s f o r m s  of the functions.  For  the given potential  
function ~0(r) equali ty (3.1) is comple te ly  valid. 

We obtain for the F o u r i e r  t r a n s f o r m  of the function V(P) 

V (1')  W(F) q (t'; F), (3.2) 

In this  re la t ion  ~b ~ ( P ; F )  is the F o u r i e r  t r a n s f o r m  of the cha rac t e r i s t i c  function of the region  F, 

q': (P; F) 1 ~,~u,,,,dv,, " (3.3) 
(2~)"' f 

Here (PM) is the sca t a r  product  of the r a d i i - v e c t o r s  OP and OM of the points P = (x i, x~, x 3) and M(y 1, Y2, Y3). 

Since ~(IMI) = ~o (r) (r 2 = y] + y~ + ya2), in view of [9] we have 

Here cp~ is the Hankel t r a n s f o r m  of the function (fl(z): 

r  

t a , . 

~':(t,) := ~ p ;} . . . .  ~r"~T(r)J~ (to)dr 

where Jr(t) is a Besse l  Funct ion of the f i r s t  kind of o rder  v .  

Now the opera tor  equation for X~ is wr i t ten  in the form 

w(~ ' )  , "  (p;  ~') K-'; . . . .  (2~)~'~q; ~ (p) z ~ (p) ,  

(3.4) 

(3.5)  

and the p rob lem of finding X* (Q) reduces  to finding the F o u r i e r  or ig inal  for the function r176 (P; F)/~o ~ (p), We note that in 
the case of a region of a r b i t r a r y  form the F o u r i e r  o r ig ina l  for X~ can be found by numer i ca l  methods [10]. 

4. With the aid of the opera tor  equation (3.5) we find the explici t  fo rm for x*(Q) in the case of an ell iptic region F 
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in which  

2 g~_ 2 2 n i x  1 . a2x3 -[- aaSxaS~ i (al, a 2, a s > 0 ) .  (4.1) 

( F o r  the  e l l i p s o i d  of  r e v o l u t i o n  a 1 = a 2 = a, a s = c . )  

Le t  us  f i r s t  f ind  the e x p l i c i t  f o r m  f o r  i f ( P ;  F) .  A f t e r  c o n v e r s i o n  to the  new v a r i a b l e s  t k = akXk, k = 1, 2, 3, i t  
f o l l ows  f r o m  (3.3) tha t  

lp ~ (P; F)  - -  (2g) % alasaa exp {i (PIT)} dv T- (4.2) 
8" 

H e r e  S* is  the  s p h e r e  of  uni t  r a d i u s  

112 "{- t:~ 2 ~- t3 2 ~ i ,  P l  - ' : (Xl / al, x2/a2,  x3 / a3), T ~ (11, 12, ta), do T ~ dr1, dt 2 dta. 

Le t  u s  c o n v e r t  f r o m  C a r t e s i a n  t 1, t 2, t~ to  s p h e r i c a l  r ,  ~0, J c o o r d i n a t e s ;  h e r e  J is the  ang l e  b e t w e e n  O P l  and OT.  
As  a r e s u l t  we  ob ta in  

i t R 2 __ ~ x22 x82 r176 (P; F) -- (4.3) ala~.a~ R3/, J~/~ ( R),  - -  al z .-[- ~2 ~ • ~-~ . 

We s e e k  the  c h a r g e d  p a r t i c l e  d i s t r i b u t i o n  in the  i on i zed  gas  c loud  in the  f o r m  

d~* = Z*( [ alSYl ~ -~- a~2Y2 ~ + aa2l/3 ~ [ ) (Q = (Yl, Ys, Y~), Q ~ F).  (4.4) 

F o r  the  F o u r i e r  t r a n s f o r m  •176 of  the  c h a r g e d - p a r t i c l e  d i s t r i b u t i o n  d e n s i t y  x(Q) tha t  

X~ (P)  = (2-~' Z ([ alSyl ~ -{- aCY 2~ -~- aa~ys ~ I) ei (PQ) dVQ , 

D: {al2xl ~ T as2x: 2 -]- aaUx3 2 ~< i } .  (4.5) 

2 2 2 2 Substituting t k = akY k, ~2= a~ + a2Y 2 + a3y 3 and converting to spherical coordinates, we find 

z~ = (ala2as)- lz~ (4.6) 

H e r e  •176 is the  Hanke l  t r a n s f o r m  of t he  unknown d i s t r i b u t i o n  d e n s i t y  X([), 

1 
I 

I ~'/" X (~) 3-,/~ (~R) d ; .  xo ( R ) = - ~  (4.7) 
0 

As a r e s u l t  the  o p e r a t o r  equa t i on  (3.5) f o r  the  c a s e  in q u e s t i o n  is r e c a s t  in the  f o r m  

w (e) n -~/~ ,r,/, (n) K-'/" = (2a) '/~ Z ~ (n) q)~ (p). (4.8) 

F o r  f u r t h e r  a n a l y s i s  it is c o n v e n i e n t  to t r a n s f o r m  the  o p e r a t o r  e q u a t i o n  (4.8). Le t  

x~ = Ra~t~ (k = 1,2,3), 

R 2 ~ Xl s / a l  z + xs 2 /  a2 ~ + x3 2 / a 3  ~, tls ~- t2 s + ta s - ~ t .  

S i n c e p 2  2 22 22 22 = R (ni t  1 + a2t 2 + ant3), then  

-V 
W ( F ) B  ~3"V~ ( R ) K  - ' h  = (2~)%X~176 2 ~ a~St~ ~ ~- aa~ts~]%). (4.9) 

A f t e r  i n t e g r a t i n g  both s i de s  of (4.9) o v e r  the  s u r f a c e  of the s p h e r e  of uni t  r a d i u s  t 2 + t~ + t~ = 1 we f ind 

K - % S W ( F ) R - % J , / ~ ( R )  = (2n)%~~176 ( 4 . 1 0 )  

H e r e  S is the  s u r f a c e  a r e a  of the  un i t  s p h e r e  S* and 
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7 qa~ ( R) = I cO~ ( R [ a~t, ~ + a2%a + aetna] ~) d* (4.11) 
S *  

(de is an e l emen t  of the sur face  S*.) 

Fo r  the ex i s t ence  of a Lyapunov-s tab le  equ i l ib r ium c h a r g e d - p a r t i c l e  d is t r ibut ion  in the ionized gas cloud it is 
�9 o 2 �9 - 

suff icient  that t he re  exis t  the function • whose I-Iankel t r a n s f o r m  ts the function ~ (R)R l /  , whmh ts the solution 

of the ope ra to r  equation (4o10). 

5. F o r  conc re t enes s  let  us find the Hankel or ig ina l  ~*(g) for  the se lec ted  potential  function q)(r). Substi tuting 

(1.2) into (3.4), we find 

~~ = 1/27~ ~/p~ (> + p-~). (5.1) 

Now we obtain for  q~~ 

(5.2) 

Here ,  depending on the re la t ionsh ip  between the axes  of the e l l ipsoid  of revolut ion F, we have 

I . ~ + 3 / a  R t+.an/~(R) 
a) B ( R ) - - - - I a - -  - - l a  f o r d > c ,  (5.3) --2a~ t - - ~ / a  -- 2=(R)~ t - - B R J e ( R )  

l ~ R ~n 
6) B(R)=-~-~ arctg a - - ~ a r c t g ~  for  a < c ,  (5.4) 

~(R) = (~  + a2R2)~ -". 

(If a > e, then 52 = a 2 _ e2; if a < e, then fi2 = c 2 _ a 2. We note that for a > e an inequali ty of the fo rm (fiR/cdR) < 1) is 

sa t i s f ied  for  al l  R f r o m  0 to +~ . )  

With the aid of the ope ra to r  equation (4.10), a f te r  inve r se  Hankel t r ans fo rma t ion  of o rde r  1/2 we find the 
exp re s s ion  for  the Lyapunov-s tabIe  equ i l ib r ium dis t r ibut ion  density:  

vo 

K'hZ (r - -  4n~ ]~ ~o ~ JV~'(R) 3-'h (r dR ( 5 . 5 )  

The norma l i za t ion  condition for )~(~)yields the total number #(F) of charged pa r t i c l e s  enc losed  in the volume of 
the ion ized-gas  cloud: 

t*(~) = W(F)~(F); (5.6) 

Here  1/w(F) is the chemica l  potential  for the cons ide red  ease  of an ionized gas fo rming  a cloud of e l l ip t ic  fo rm 
(the introduction of the upper  l imi t  Rma x co r r e sponds  to the concept  of f ini te  radius  of the ionized gas par t ic les) :  

R m a x  

1 l dR co (F)----- a~ ~ R [:vdR)12 NF~ ) - (5.7) 
0 

It follows f rom the normal i za t ion  condit ion for X(~), in pa r t i cu la r ,  that K ~/2 equals the total number  of charged  
pa r t i c l e s  in the ion ized-gas  cloud, i . e . ,  Klfi = #(F). 

6. Now let  n be the ave rage  neutra l  molecu le  concent ra t ion ,  then for  an ionizat ion d e g r e e f  the cha rged  pa r t i c l e  
concent ra t ion  in the gas cons t i tu tes  fn  and the total number  #(F) of charged pa r t i c l e s  in the ionized gas cloud having the 
volume 4/3~ra2c will  be p(F) = 4 / 3 7 r a 2 e f n .  Equating the two values for  p(F), we find the magnitude of the potent ial  energy  

~Jl (t2Cfn 
w (F) = ~-~-(F)" (6 .1)  

We divide the energy  W(F) by the volume of the ion ized-gas  cloud and obtain the gas pressur ' e  p(F) = f n / w ( F )  
inside the cloud. 

Equi l ib r ium is es tab l i shed  when the ionized gas p r e s s u r e  becomes  equal to the externa l  p r e s s u r e ,  spec i f i ca l ly  
when p(F) = P0, where  P0 is the ex te rna l  p r e s s u r e .  Hence we find the exp re s s ion  for the degree  of i o n i z a t i o n f ( F )  
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Rmax 

] (F) ~- 2~cn [J3 A (R)p B--~) ' 

o 

(6.2) 

which depends on the ionized gas cloud fo rm F,  its d imens ions  a and c, the magnitude of the ex te rna l  p r e s s u r e  P0, and 
t e m p e r a t u r e  of the ionized gas,  which en ter  through the p a r a m e t e r  X. In pa r t i cu la r ,  it can be shown that for a highly 
r a r e f i e d  gas the p a r a m e t e r  h-1 is equal to the s h o r t - r a n g e  in te rac t ion  p a r a m e t e r  introduced by Landau in [11], i . e . ,  
~-1 = e2/0, where  0 is the ave r age  t e m p e r a t u r e  of the ionized gas; e is the e l e m e n t a r y  cha rge .  

7. We use a s e r i e s  expansion to obtain the approx imate  exp res s ions  for  the Lyapunov-s table  equ i l ib r ium 
c h a r g e d - p a r t i c l e  d is t r ibut ion  densi ty  • in an ion ized-gas  cloud. 

Let  a > c. We expand 1/B(R) into a s e r i e s  us ing the g e o m e t r i c  p r o g r e s s i o n  fo rmula  with common ra t io  equal to 

2b2,Bu (R~) In 1 -- $Rla (R) b2 = in . 

Then 

t ~-o t R t + ~ R / a ( R )  7,. (7.1) 

Af te r  fu r the r  expansion into a power - l aw  s e r i e s  of the logar i thm appear ing  in (7.1), re ta in ing only the f i r s t  t e r m s  
of the expansion,  we find 

1 1 R 2 
B (R) N b~ - -  ~ '  ( 7 . 2 )  

We subst i tute  into (5.5) the approx imate  ex p re s s ion  for 1/B(R),  for the condit ion a >> c, s ince 

J,/, (~R) = V2-'~'R; sin R~, 3"~/, (R) = 1/'T//nR (R -x sin R -- cos R); 

we obtain the equ i l ib r ium c h a r g e d - p a r t i c l e  d is t r ibut ion  densi ty  in the "cons t r i c t ed"  d i scharge  of f ini te  d imensions:  

. w ( r ) /  i ~ 8 ( ~ - - 0  ~r = - ~  (~ l . (~ /0 ) ) - -V-  + 
+ ~e~ (~ + ~) (~-)' ( ~ )  e-'~,o ( ~ ) .  (7.3) 

Thus the equ i l ib r ium c h a r g e d - p a r t i c l e  d is t r ibut ion  densi ty  in the "pinch" i n c r e a s e s  toward the per iphery ,  which 
a g r e e s  with the conclus ion of Vlasov  [12] obtained as a r e su l t  of hydrodynamic analys is .  It was shown in [12] in p a r t i c -  
u l a r  that the ionized gas cloud of e l l ip t ic  fo rm has hydrodynamic s tabi l i ty  with r e spec t  to sma l l  per turba t ions  of fo rm.  

Now let  a < c. We use the e x p r e s s i o n  for B(R) which is val id  for a < c. We divide in (5.5} the en t i re  in te rva l  of 
in tegra t ion  with r e spec t  to R f rom 0 to +o~ into two in te rva ls :  f rom 0 to R 1 and f rom R 1 to +~o. We se lec t  R 1 so that the 
inequali ty (flR/~(R) < 1 is sa t i s f ied  for  0 - R < R 1. This is poss ib le  for  R 1 = ~ . / ( / ~ 2  _ a2)l~. 

Now, a f te r  co r respond ing  expansions of B(R) into s e r i e s ,  f rom (5.5) follows the approx imate  express ion  for • 
fo r  a < c. This exp re s s ion  includes a l inear  combinat ion  of the products  of t r i g o n o m e t r i c  functions by the 
co r r e spond ing  in tegra l  s ine and in tegra l  cos ine .  Fo r  ~ = 0 the equ i l ib r ium c h a r g e d - p a r t i c l e  d is t r ibut ion  densi ty  X(~) 
has a max imum and d e c r e a s e s  as ~ ~ 1. The resu l t an t  approx imate  exp re s s ion  for  X(~) for a < c is not p resen ted  here  

because  of its complexi ty .  

We note that exp re s s ion  (5.5) for • is exact  and admits  in tegrat ion by n u m e r i c a l  methods,  for example ,  the 

Simpson method [13, 14]. 

We have examined the case  of " smoothed"  Coulomb in te rac t ion  of charged  p a r t i c l e s  in an ionized gas without 
account  for  un i form rotat ion of the en t i r e  cloud about one of the e l l ipsoid  axes.  However ,  t he re  a r e  no fundamental  
d i f f icul t ies  in a m o r e  detai led account  for  s h o r t - r a n g e  in te rac t ion  (for example ,  with the aid of the Lenna rd - Jones  
potent ia ls  (see [4])), nor in account ing for  the effect  of un i fo rm rota t ion of the ionized gas cloud as a whole. 
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